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Almost disjoint subspaces
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Almost disjoint subspaces

Let F be a countable field (possibly finite). Let E be a F-vector
space with a Hamel basis (ep)n<w-

Definition

Let V, W C E be two infinite-dimensional subspaces. We say that

V, W are almost disjoint if V N W is a finite-dimensional subspace
of E.

For the rest of this talk, the zero vector will be ignored.
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Let A be a family of infinite-dimensional subspaces of E. We say
that A is almost disjoint if all subspaces in A are pairwise almost
disjoint. We say that A is maximal almost disjoint (or just mad) if
A is not strictly contained in another almost disjoint family of
infinite-dimensional subspaces.



We define the cardinal invariant:

Oyee,F := min{|A| : A is an infinite mad family of block subspaces}.
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We define the cardinal invariant:

tyee,F := min{|A| : A is an infinite mad family of block subspaces}

Nl < Qyec,F-
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Recall that E has a fixed Hamel basis (€p)n<w
x € E, we may write

. Given a vector

X = Z An(x)en,

n<w

where only finitely many \,'s are non-zero.
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Recall that E has a fixed Hamel basis (ep)n<w. Given a vector
x € E, we may write

X = Z An(x)en,

n<w

where only finitely many \,'s are non-zero. We may then write:

supp(x) := {n < w : An(x) # 0}.
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Recall that E has a fixed Hamel basis (ep)n<w. Given a vector
x € E, we may write

X = Z An(x)en,

n<w

where only finitely many \,'s are non-zero. We may then write:

supp(x) := {n < w : An(x) # 0}.

Given two vectors x, y we write:

x <y <= max(supp(x)) < min(supp(y)).
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Definition
An infinite-dimensional subspace V C W is a block subspace if it
has a block basis. That is, V is spanned by a block sequence

(Xn)n<w, i.€.:

X0 < X1 <Xp<---.

Note that the block basis is unique up to scalar multiplication, so
we may conflate block subspaces with block sequences.
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Fact

Every infinite-dimensional subspace of E contains an
infinite-dimensional block subspace.

Consequently, if A is an almost disjoint family such that there is
no block subspace that is almost disjoint with every element of A,
then A is mad.



e
Let £l be the set of infinite block sequences of E.

If A= (Xn)n<w € Ell we write:

(A) =

(xn 1 n < w) =span{x, : n < w}.

«O0)>» «F)»r « =) «

DA™ g/a3



Let A be an almost disjoint family on w. The collection:

Z(A) = {X Cw:XC* U]-' for some finite F C .A}.
is an ideal.
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Completely separable mad families (on w)

Let A be an almost disjoint family on w. The collection:
Z(A) = {X Cw:XC* U]—" for some finite F C A} .
is an ideal. We also let:

I7(A) = [w]* \ Z(A),
ITH(A) = {X Cw: XN Ais infinite for infinitely many A € A}.

Note that Z+T(A) C ZT(A), and ZT1(A) =Z1(A) if Ais mad.
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Definition
Let A be an infinite almost disjoint family on w. We say that A is

completely separable if for all X € Z7(A), there exists some A € A
such that A C X.

Note that every completely separable almost disjoint family is mad.
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Completely separable mad families on w can be constructed under
the following assumptions:
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Completely separable mad families on w can be constructed under
the following assumptions:

1. (Balcar-Simon, 1989) a=cor b =10 or s = wy.
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Completely separable mad families on w can be constructed under
the following assumptions:

1. (Balcar-Simon, 1989) a=cor b =10 or s = wy.
2. (Simon, 1996) d < a.
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Completely separable mad families on w can be constructed under
the following assumptions:

1. (Balcar-Simon, 1989) a=cor b =10 or s = wy.

2. (Simon, 1996) d < a.

3. (Shelah, 2011) s < a, or (a < s + a certain PCF hypothesis).
® For instance, ¢ < N, satisfies this PCF hypothesis.
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Almost disjoint subspaces CS mad families on w
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Completely separable mad families on w can be constructed under
the following assumptions:

(Balcar-Simon, 1989) a =cor b =0 or s = wy.

1.

2. (Simon, 1996) d < a.

3. (Shelah, 2011) s < a, or (a < s + a certain PCF hypothesis).
® For instance, ¢ < N, satisfies this PCF hypothesis.

4. (Mildenberger-Raghavan-Steprans, 2014) s < a.
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Completely separable mad families on w can be constructed under
the following assumptions:

1. (Balcar-Simon, 1989) a=cor b =10 or s = wy.
2. (Simon, 1996) d < a.
3. (Shelah, 2011) s < a, or (a < s + a certain PCF hypothesis).

® For instance, ¢ < N, satisfies this PCF hypothesis.
4. (Mildenberger-Raghavan-Steprans, 2014) s < a.

The existence of a completely separable mad family on w in just
ZFC remains open to date.
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Completely separable mad families on w can be constructed under
the following assumptions:

1. (Balcar-Simon, 1989) a=cor b =10 or s = wy.
2. (Simon, 1996) d < a.
3. (Shelah, 2011) s < a, or (a < s + a certain PCF hypothesis).

® For instance, ¢ < N, satisfies this PCF hypothesis.
4. (Mildenberger-Raghavan-Steprans, 2014) s < a.

The existence of a completely separable mad family on w in just
ZFC remains open to date.

We give a sketch of the construction of a completely seperable
mad family on w.



A important component of the proof is the notion of a
block-splitting family.
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A important component of the proof is the notion of a
block-splitting family.

1. Let P = {P,: n < w} be an interval partition. We say that a
set S € [w] block-splits P if {n <w : P, C S} and

{n <w:P,NS =0} are both infinite.
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Construction for s < a

A important component of the proof is the notion of a
block-splitting family.

Definition

1. Let P = {P,: n < w} be an interval partition. We say that a
set S € [w]|* block-splits P if {n <w : P, C S} and
{n<w:P,NS =0} are both infinite.

2. A block-splitting family is a family S C [w]® such that every
interval partition is block-split by some S € S.
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Construction for s < a

A important component of the proof is the notion of a
block-splitting family.
Definition
1. Let P = {P,: n < w} be an interval partition. We say that a
set S € [w]|* block-splits P if {n <w : P, C S} and
{n<w:P,NS =0} are both infinite.

2. A block-splitting family is a family S C [w]® such that every
interval partition is block-split by some S € S.

Lemma (Kamburelis-Weglorz, 1996)
max{b,s} = min{|S| : S is a block-splitting family}.
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Let {S, : o < max{b,s}} be a block-splitting family. Let A be an
almost disjoint family on w, and let X € Tt (A). There exists some
« such that XN'S, € ITT(A) and X \ S, € ZT(A).
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Lemma

Let {S, : o < max{b,s}} be a block-splitting family. Let A be an
almost disjoint family on w, and let X € Tt (A). There exists some
« such that XN'S, € ITT(A) and X \ S, € ZT(A).

Proof.

If there is some Y C X that is almost disjoint from every element
of A, then let S, be any set such that Y NS, and Y\ S, are
infinite. Then YN S,, Y\ So € ZT(A).
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Lemma

Let {S, : o < max{b,s}} be a block-splitting family. Let A be an
almost disjoint family on w, and let X € Tt (A). There exists some
« such that XN'S, € ITT(A) and X \ S, € ZT(A).

Proof.

If there is some Y C X that is almost disjoint from every element
of A, then let S, be any set such that Y NS, and Y\ S, are
infinite. Then YN S,, Y\ So € ZT(A).

Otherwise, there is an infinite {A; : n < w} C A such that X N A;
is infinite for all /.
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Lemma

Let {S, : o < max{b,s}} be a block-splitting family. Let A be an
almost disjoint family on w, and let X € Tt (A). There exists some
« such that XN'S, € ITT(A) and X \ S, € ZT(A).

Proof.

If there is some Y C X that is almost disjoint from every element
of A, then let S, be any set such that Y NS, and Y\ S, are
infinite. Then YN S,, Y\ So € ZT(A).

Otherwise, there is an infinite {A; : n < w} C A such that X N A;
is infinite for all /. Let P = {P, : n < w} be an interval partition
such that P, N (X NA;) # 0 for all i < n. Let S, block-splits P.
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Lemma

Let {S, : o < max{b,s}} be a block-splitting family. Let A be an
almost disjoint family on w, and let X € Tt (A). There exists some
« such that XN'S, € ITT(A) and X \ S, € ZT(A).

Proof.

If there is some Y C X that is almost disjoint from every element
of A, then let S, be any set such that Y NS, and Y\ S, are
infinite. Then YN S,, Y\ So € ZT(A).

Otherwise, there is an infinite {A; : n < w} C A such that X N A;
is infinite for all /. Let P = {P, : n < w} be an interval partition
such that P, N (X NA;) # 0 for all i < n. Let S, block-splits P.

1. (XN S,) N A; is infinite for all /.
2. (X'\ So) NA; is infinite for all /.
Thus, they're both in ZT1(A) C ZT(A). O



Almost disjoint subspaces CS mad families on w CS mad families of subspaces Resolving the issues Summary
0000000 0000080000 000000000000 000000000000 o

Assume that s < a. Note that b < a holds in ZFC, so we have that
max{b,s} < a.
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Assume that s < a. Note that b < a holds in ZFC, so we have that
max{b,s} < a. Given X € [w]*, let X? := X and X! :=w\ X.
Note that:

XNYP=Xny, Xnyt=Xx\Y.
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Assume that s < a. Note that b < a holds in ZFC, so we have that
max{b,s} < a. Given X € [w]*, let X? := X and X! :=w\ X.
Note that:

XNYP=Xny, Xnyt=Xx\Y.

Let S = {S, : @ < max{b,s}} be a block-splitting family. For a
fixed almost disjoint family A and X € Z+(A), let 7 € 2% be the
unique function where:
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Assume that s < a. Note that b < a holds in ZFC, so we have that
max{b,s} < a. Given X € [w]*, let X? := X and X! :=w\ X.
Note that:

XNYP=Xny, Xnyt=Xx\Y.

Let S = {S, : @ < max{b,s}} be a block-splitting family. For a
fixed almost disjoint family A and X € Z+(A), let 7 € 2% be the
unique function where:

1. «a is the least ordinal such that X NS, € Z%(A) and
X\ Sa € TH(A).
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Assume that s < a. Note that b < a holds in ZFC, so we have that
max{b,s} < a. Given X € [w]*, let X? := X and X! :=w\ X.
Note that:

XNYP=Xny, Xnyt=Xx\Y.

Let S = {S, : @ < max{b,s}} be a block-splitting family. For a
fixed almost disjoint family A and X € Z+(A), let 7 € 2% be the
unique function where:

1. «a is the least ordinal such that X NS, € Z%(A) and
X\ Sa € TH(A).

2. I B < a, then X N SF D € T+(A) (s0
1—74
xnsy W e z(ay).

Observe that if Y C X are in Zt(A), then 7¢ C 7.
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Let {X, : @ < ¢} cofinally enumerate [w]¥. We recursively
construct our mad family A = {A, : a < ¢} and
{00 1 a < ¢} C2<ma{bs} guch that (where A, := {Az: f < a}):
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Let {X, : @ < ¢} cofinally enumerate [w]¥. We recursively
construct our mad family A = {A, : a < ¢} and
{00 1 a < ¢} C2<ma{bs} guch that (where A, := {Az: f < a}):

1. If 8 < a, then o, £ 0p.
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Let {X, : @ < ¢} cofinally enumerate [w]¥. We recursively
construct our mad family A = {A, : a < ¢} and
{00 1 a < ¢} C2<ma{bs} guch that (where A, := {Az: f < a}):

1. If 8 < a, then o, £ 0p.
2. If Xy € IT(Aq), then A, C X,.
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Let {X, : @ < ¢} cofinally enumerate [w]¥. We recursively
construct our mad family A = {A, : a < ¢} and
{00 1 a < ¢} C2<ma{bs} guch that (where A, := {Az: f < a}):

1. If 8 < a, then o, £ 0p.
2. If X, € T+(Ay), then A, C X,.
3. If ¢ € dom(0y), then A, C* 57,
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Let {X, : @ < ¢} cofinally enumerate [w]¥. We recursively
construct our mad family A = {A, : a < ¢} and
{00 1 a < ¢} C2<ma{bs} guch that (where A, := {Az: f < a}):

1. If 8 < a, then o, £ 0p.
2. If X, € T+(Ay), then A, C X,.
3. If ¢ € dom(0y), then A, C* 57,

It's clear that if we are able to complete this construction, then A
is completely separable.
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:5s€2<%} CI7(A,) as follows:
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:5s€2<%} CI7(A,) as follows:

1. Xp:= X, if Xo, € ZT(A,). Otherwise, Xp := w.

Summary
o
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:s€2<%} CIT(A,) as follows:

1. Xp:= X, if Xo, € ZT(A,). Otherwise, Xp := w.
2. Let s := T)éa and as := dom(7s).

Summary
o
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:s€2<%} CIT(A,) as follows:

1. Xp:= X, if Xo, € ZT(A,). Otherwise, Xp := w.

2. Let s := 7')“?5“ and as := dom(7s).

3. Xs—~0:=Xs N Sas, Xs~1 = Xs \ Sas-

Summary
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:s€2<%} CIT(A,) as follows:

1. Xp:= X, if Xo, € ZT(A,). Otherwise, Xp := w.
2. Let s := 7')“?5“ and as := dom(7s).
3. Xs—~0:=Xs N Sas, Xs~1 = Xs \ Sas-

Note that if t C s, then X5 C X;, so 1t C 7s.

Summary
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:s€2<%} CIT(A,) as follows:

1. Xp:= X, if Xo, € ZT(A,). Otherwise, Xp := w.
2. Let s := 7')“?5“ and as := dom(7s).
3. Xs—~0:=Xs N Sas, Xs~1 = Xs \ Sas-

Note that if t C s, then X5 C X;, so 1t C 7s.

For each f € 2%, let ¢ := {J,,, nrin- Note that nf € p<max{b,s}
as cf(max{b,s}) > w.
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Assume that A, = {Ag : f < a} has been defined. We define
{Xs:s€2<%} CIT(A,) as follows:

1. Xp:= X, if Xo, € ZT(A,). Otherwise, Xp := w.

2. Let s := 7')“?5"‘ and as := dom(7s).

3. Xs—~0:=Xs N Sas, Xs~1 = Xs \ Sas-

Note that if t C s, then X5 C X;, so 1t C 7s.

For each f € 2%, let ¢ := {J,,, nrin- Note that nf € 2<max{b,s}
as cf(max{b,s}) > w. Since a < ¢, there exists some f € 2 such
that 7 [Z o for all 3. We let 0, = nf.
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Observe that (Xfp)n<w forms a C-decreasing sequence in
It(Ay). Let Y € TT(A,) be such that Y C* Xgy, for all n.
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Observe that (Xfp)n<w forms a C-decreasing sequence in
It(Ay). Let Y € TT(A,) be such that Y C* Xgy, for all n.

Claim

There exists an almost disjoint family C C A, such that:
1. |C| < max{b,s}.

2. If B C Y is almost disjoint from every element of C, then B is
almost disjoint from Ag for all B < o
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Now let:
C’ ={ANY:AeC}.

Then C’ is an almost disjoint family of subsets of Y.
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Now let:
C’ ={ANY:AeC}.

Then C’ is an almost disjoint family of subsets of Y.

Since |C'| < max{b,s} < a, there exists some A, C Y that is
almost disjoint from every element of C. Then this A, works.



We first extend our previously introduced definitions to almost
disjoint families of subspaces.
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Mad families of subspaces

We first extend our previously introduced definitions to almost
disjoint families of subspaces.

Definition

Let Y C E.

1. Y is big if there exists some (infinite-dimensional) subspace
VCy.

2. Y is small if it is not big.
3. Y is very small if for all small Z C E, Y U Z is small.
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Note that if IF # I, then finite union of small sets need not be
small. In other words, small sets need not be small.
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Resolving the issues
000000000000

Note that if IF # I, then finite union of small sets need not be
small. In other words, small sets need not be small.
Fix some p € F\ {0,1}. Let:

Y ={x€E:x=e,+y for some e, < y}.

For any subspace U and x € U, x = \e, + y for some e, < y and

0# X Then }x € UNY, and &x € UN Y€. Thus, Y and Y€ are
small, but E =Y U Y€ isn't.

= DAC 20/43

Summary
o
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Let A be an almost disjoint family of subspaces (of E). We let:

T(A) == { ¥ C E: Y \|JF is small for some finite 7 C A}
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Let A be an almost disjoint family of subspaces (of E). We let:
T(A) == { ¥ C E: Y \|JF is small for some finite 7 C A}
We also let:

I7(A) :=P(E)\ Z(A),
It (A) ;== {Y C E: YNV is big for infinitely many V € A}.
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Let A be an almost disjoint family of subspaces (of E). We let:
T(A) == { ¥ C E: Y \|JF is small for some finite 7 C A}
We also let:

I7(A) :=P(E)\ Z(A),
It (A) ;== {Y C E: YNV is big for infinitely many V € A}.

Fact (Issue 1)

Z(A) is “almost” an ideal.
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Definition

Let A be an almost disjoint family of subspaces. We say that A is
completely separable if for all subspaces U € Z7(.A), there exists
some V € A such that V C U.

Once again, every completely separable almost disjoint family of
subspaces is maximal.
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Definition
Let A be an almost disjoint family of subspaces. We say that A is

completely separable if for all subspaces U € Z7(.A), there exists
some V € A such that V C U.

Once again, every completely separable almost disjoint family of
subspaces is maximal.

Remark. The requirement for U to be a subspace cannot be
removed.



There is a completely separable mad family of block subspaces.
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There is a completely separable mad family of block subspaces.

We shall attempt to repeat the construction assuming s < a, then
make the necessary adjustments along the way.
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CS mad families of subspaces
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Summary
o

Resolving the issues
Let {Sy : @ < max{b,s}} be a block-splitting family. We let:

Zy:=(en:n€es,).
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Let {Sy : @ < max{b,s}} be a block-splitting family. We let:

Zy:=(en:n€es,).

Lemma (Issue 2)
Let A be an almost disjoint family of subspace, and let
(B) € Tt(A) be a block subspace for some B € EI*.
1. Foralla, (BYNZ, € ZT(A) or (B)\ Z, € ZT(A).
2. If (B)YN Z, € Tt (A), then there exists some block subspace
(C) € Zt(A) such that (C) C (B) N Z,.
3. If (B)\ Z, € IT+(A), then there exists some block subspace
(C) € TT(A) such that (C) C (B)\ Z,.

4. There exists some « such that (B) N Z, € ITt(A) and
(B)\ Zy € T+(A).
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One would begin by assuming that max{b,s} < aye.r holds, but it
turns out that this is unnecessary.

Lemma (Brendle-Garcia Avila, 2017 + Smythe, 2019)

non(M) < dyec F-

Since max{b,s} < non(M) holds in ZFC, we have that
max{b,s} < ayecF-
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Let {Z, : @ < max{b,s}} be the family of block subspaces
previously defined.
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Let {Z, : @ < max{b,s}} be the family of block subspaces
previously defined. For a fixed almost disjoint family of subspaces
A and block subspace (B) € Z(A), let 74" € 2% be the unique
function where:
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Let {Z, : @ < max{b,s}} be the family of block subspaces
previously defined. For a fixed almost disjoint family of subspaces
A and block subspace (B) € Z(A), let 74" € 2% be the unique
function where:

1. «ais the least ordinal such that (B) N Z, € Z+(A) and
(B)\ Zy € TH(A).
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Let {Z, : @ < max{b,s}} be the family of block subspaces
previously defined. For a fixed almost disjoint family of subspaces
A and block subspace (B) € Z(A), let 74" € 2% be the unique
function where:

1. «ais the least ordinal such that (B) N Z, € Z+(A) and
(B)\ Zy € TH(A).

2. 1f B < a, then (B) N ZF P € T+(A) (s0
B)nzy D e 7)),
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Let {Z, : @ < max{b,s}} be the family of block subspaces
previously defined. For a fixed almost disjoint family of subspaces
A and block subspace (B) € Z(A), let 74" € 2% be the unique

function where:

1. «ais the least ordinal such that (B) N Z, € Z+(A) and
(B)\ Zy € TH(A).

2. 1f B < a, then (B) N ZF P € T+(A) (s0
B)nzy D e 7)),

Observe that if (C) C (B) are in I (A), then 75 C 74
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Let {U, : o < ¢} cofinally enumerate all subspaces of E. We
recursively construct our mad family of block subspaces
A={A,:a<c}and {oq: a < c} C2<mx{bs} such that (where
Ao ={Ag: B < a}):
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Let {U, : o < ¢} cofinally enumerate all subspaces of E. We
recursively construct our mad family of block subspaces
A={A,:a<c}and {oq: a < c} C2<mx{bs} such that (where
Ao ={Ag: B < a}):

1. If 8 < a, then o, £ 0p.
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Let {U, : o < ¢} cofinally enumerate all subspaces of E. We
recursively construct our mad family of block subspaces
A={A,:a<c}and {oq: a < c} C2<mx{bs} such that (where
Ao ={Ag: B < a}):

1. If 8 < a, then o, £ 0p.
2. If Uy € ZT(As), then (Ay) C Us.
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Let {U, : o < ¢} cofinally enumerate all subspaces of E. We
recursively construct our mad family of block subspaces
A={A,:a<c}and {oq: a < c} C2<mx{bs} such that (where
Ao ={Ag: B < a}):

1. If 8 < a, then o, £ 0p.

2. If Uy € IT7(Ap), then (Ay) C U,.

3. If ¢ € dom(ay), then (A) \ ZZ") is small.
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Let {U, : o < ¢} cofinally enumerate all subspaces of E. We
recursively construct our mad family of block subspaces
A={A,:a<c}and {oq: a < c} C2<mx{bs} such that (where
Ao ={Ag: B < a}):

1. If 8 < a, then o, £ 0p.
2. If Uy € TH(Aq), then (Ay) C Uy,
3. If ¢ € dom(ay), then (A) \ ZZ") is small.

It's clear that if we are able to complete this construction, then A
is completely separable.
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Assume that A, = {Ag : f < a} has been defined. We define
block sequences {Cs : s € 2<“} as follows:



Almost disjoint subspaces CS mad families on w CS mad families of subspaces Resolving the issues
0000000 0000000000 000000000800 000000000000

Assume that A, = {Ag : < a} has been defined. We define
block sequences {Cs : s € 2<“} as follows:

1. (Issue 3) If U, € Zt(A), let (Cy) € TT(A,) be a block
subspace so that (Cy) C U, (otherwise, let (Cy) = E).

Summary
o
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Assume that A, = {Ag : < a} has been defined. We define
block sequences {Cs : s € 2<“} as follows:

1. (Issue 3) If U, € Zt(A), let (Cy) € TT(A,) be a block
subspace so that (Cy) C U, (otherwise, let (Cy) = E).

2. Let s := Té“ and as := dom(7s).

Summary
o]
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Assume that A, = {Ag : < a} has been defined. We define
block sequences {Cs : s € 2<“} as follows:

1. (Issue 3) If U, € Zt(A), let (Cy) € TT(A,) be a block
subspace so that (Cy) C U, (otherwise, let (Cy) = E).

2. Let s :=71¢* and a5 = dom(7s).

3. (Cs~0),(Cs~1) € ITT(A) such that (Cs~o) C (Cs) N Z,, and

<C5”1> - <CS> \ Zas-

Summary
o]
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Assume that A, = {Ag : < a} has been defined. We define
block sequences {Cs : s € 2<“} as follows:

1. (Issue 3) If U, € Zt(A), let (Cy) € TT(A,) be a block
subspace so that (Cy) C U, (otherwise, let (Cy) = E).

2. Let s :=71¢* and a5 = dom(7s).

3. (Cs~0),(Cs~1) € ITT(A) such that (Cs~o) C (Cs) N Z,, and

<C5”1> - <CS> \ Zas-

Note that if t C s, then Cs < C; (i.e. (Cs) € (Gy)), so nr T 7s.

Summary
o]
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Assume that A, = {Ag : < a} has been defined. We define
block sequences {Cs : s € 2<“} as follows:

1. (Issue 3) If U, € Zt(A), let (Cy) € TT(A,) be a block
subspace so that (Cy) C U, (otherwise, let (Cy) = E).

2. Let s :=71¢* and a5 = dom(7s).
3. (Cs~0),(Cs~1) € ITT(A) such that (Cs~o) C (Cs) N Z,, and
(Co~1) € (Co) \ Za,-
Note that if t C s, then Cs < C; (i.e. (Cs) € (Gy)), so nr T 7s.

For each f € 2%, let nr := (U, ., nr1n- Note that ¢ € p<max{b,s}
Let f € 2 be such that nf £ o for all 3. We let o, := ny.



e e
There exists some block sequence (D) € T+ (A,) such that

D <* Cp for all n (i.e. (D) \ (C¢pp) is small).

«O)>» «F)r « =»

<
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Claim (Issue 4)

There exists some block sequence (D) € TT(A,) such that
D <* C¢yp for all n (i.e. (D) \ (Csn) is small).

Claim
There exists an almost disjoint family C C A, such that:
1. |C| < max{b,s}.

2. If B < D is almost disjoint from every element of C, then B is
almost disjoint from Ag for all 3 < «.



Now let:

¢ = {{(A N (D) : (A) € A}

«0O>» «Fr « >

«E>»
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Now let:

C' = {{A) N (D) : (A) € A}.

Lemma

Finite intersection of block subspaces is a block subspace.
Therefore, C' is an almost disjoint family of block subspaces of (D).
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Now let:

C' = {{A) N (D) : (A) € A}.

Lemma

Finite intersection of block subspaces is a block subspace.
Therefore, C' is an almost disjoint family of block subspaces of (D).

Since |C'| < max{b,s} < ayecF, there exists some A, < D that is
almost disjoint from every element of C. Then this A, works.
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Resolving the issues

Summary of issues:

1. Show that Z(.A) is “almost” an ideal.

2. The main lemma about {Z, : @ < max{b,s}}.

3. If U € ZT(A), then there exists some block subspace
(B) € T%(A) such that (B) C U.

4. If Go > Cy > --- are in Zt(A), then there exists some
(D) € ZT+(A) such that D <* C, for all n.

Summary
o]



Summary of issues:

1. Show that Z(.A) is “almost” an ideal.
2. The main lemma about {Z, : @ < max{b,s}}.

3. If U € ZT(A), then there exists some block subspace
(B) € ITt(A) such that (B) C U.

4. I1f Gg> G >--- arein ZT(A), then there exists some
(D) € T%(A) such that D <* C, for all n.

«0>» «Fr» « > <«
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Issue 1: Z(.A) is “almost” an ideal.

We first prove a basic lemma. Recall that a set Y C E is very
small if for all small Z C E, Y U Z is small.

Lemma
Let U,V be infinite-dimensional subspaces.

1. IfUNV is small, then UN V is very small.

2. If U\ V is small, then U\ V is very small.
Consequently, we cannot have both UN V and U\ V small.



e s s o o T e o sbepaces R e gmmay
1. Let Y C E, and suppose that W C (UN V)U Y for some
subspace W.

«0O)>» «F>r» « >

<
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Proof.

1. Let Y C E, and suppose that W C (UN V) U Y for some
subspace W. Since UN V is a finite-dimensional subspace, let

W’ C W be a subspace such that W/ N (UN V) =0. Then
W' C Y, so Y is big.
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Proof.

1. Let Y C E, and suppose that W C (UN V) U Y for some
subspace W. Since UN V is a finite-dimensional subspace, let
W’ C W be a subspace such that W/ N (UN V) =0. Then
W' C Y, so Y is big.

2. Let Y C E, and suppose that W C (U \ V)U Y for some
subspace W.



Resolving the issues
008000000000

Proof.

1. Let Y C E, and suppose that W C (UN V) U Y for some
subspace W. Since UN V is a finite-dimensional subspace, let
W’ C W be a subspace such that W/ N (UN V) =0. Then
W' C Y, so Y is big.

2. Let Y C E, and suppose that W C (U \ V)U Y for some
subspace W.

2.1 If WnN U is small, then let W/ C W be a subspace such that
W n(WnU)=0. Then W C Y, so Y is big.



Resolving the issues
008000000000

Proof.

1. Let Y C E, and suppose that W C (UN V) U Y for some
subspace W. Since UN V is a finite-dimensional subspace, let
W’ C W be a subspace such that W/ N (UN V) =0. Then
W' C Y, so Y is big.

2. Let Y C E, and suppose that W C (U \ V)U Y for some
subspace W.

2.1 If WnN U is small, then let W/ C W be a subspace such that
W n(WnU)=0. Then W C Y, so Y is big.
22 If WNV is big, then WNV C Y, so Y is big.
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Proof.

1. Let Y C E, and suppose that W C (UN V) U Y for some
subspace W. Since UN V is a finite-dimensional subspace, let
W’ C W be a subspace such that W/ N (UN V) =0. Then
W' C Y, so Y is big.

2. Let Y C E, and suppose that W C (U \ V)U Y for some
subspace W.

2.1 If WnN U is small, then let W/ C W be a subspace such that
W n(WnU)=0. Then W C Y, so Y is big.

22 If WNV is big, then WNV C Y, so Y is big.

2.3 If Wn U is big but W NV is small, then let W C W N U be
such that W/ NV =0. Then W C U\ V, a contradiction.

O
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Lemma
Z(A) is “almost” an ideal in the following sense:
1. E ¢ Z(A).
2. If U € Z(A), and W C U, then W € Z(A).
3. If U, W € Z(A) are two subspaces, then UU W € Z(A).

Note that (2) is obvious by definition.

Summary
o]



N
1. Suppose that £ € Z(A), so £\ |J
Vo,..., Va1 € A

i<n

V; is small for some

«O)>» «F)r « =»

<

it
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Proof.

1. Suppose that E € Z(A), so E \ ;. Vi is small for some
Vo,...,Vha_1 € A Let V, € .A\ {Vo, ce Vn—l}- Then:

Vo= [Va\UJ Vi )ulJVan v,

i<n i<n

which is small, a contradiction.

Summary



B e - v
3. Let Wo,..., V1 € A be such that U\ |J
WA\ U, Vi are small.

i<n Vi and

«O)>» «F)r « =»

<
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Proof (Cont.).

3. Let Wo,..., Vy_1 € A be such that U\ UJ;., V; and
W\ U, Vi are small. We shall show that (VU W)\ |J
Otherwise, suppose that W' C (UU W)\ U;_, Vi.

i<n V’

i<n
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Proof (Cont.).

3. Let Wo,..., V1 € A be such that U\ |J;., Vi and
W\ U<, Vi are small. We shall show that (UU W)\ U, .,
Otherwise, suppose that W' € (UU W)\ U,., Vi. Then:

wnucu\Jv,
i<n

w\ucw\ |V,
i<n

are both small, a contradiction.

Summary

V..



We recall the lemma. Let {S, : @ < max{b,s}} be a
block-splitting family. We let Z, := (e, : n € S,).

«O)>» «F)r « =»

<
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Issue 2: Main lemma

We recall the lemma. Let {S, : @ < max{b,s}} be a
block-splitting family. We let Z, := (e, : n € S,).
Lemma

Let A be an almost disjoint family of subspace, and let
(B) € Tt (A) be a block subspace for some B € EI*.

1. Foralla, (BYNZ, € ITt(A) or (B)\ Z, € It (A).

2. If (BYN Z, € Tt (A), then there exists some block subspace
(C) € ITt(A) such that (C) C (B) N Z,.

3. If (B)\ Z, € T (A), then there exists some block subspace
(C) € ITt(A) such that (C) C (B) N Z,.

4. There exists some « such that (B) N Z, € Z7(A) and
(B)\ Zo € ZH(A).

Summary



e
Lemma
1. Foralla, (BYNZ, € ZT(A) or (B)\ Z, € ZT(A).

«O)>» «F)r « =»

<
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1. Foralla, (BYNZ, € ZT(A) or (B)\ Z, € ZT(A).

Suppose for a contradiction that there are Vg,

that ((B) N Zx)\ Us.., Vi and ((B)\ Za) \ U;., V; are small

, Vi1 € A such

DA 38/43
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Lemma
1. Foralla, (BYNZ, € ZT(A) or (B)\ Z, € ZT(A).

Proof of (1).

Suppose for a contradiction that there are Vy,...,V,,_1 € A such
that ((B) N Z,) \ Ui, Vi and ((B) \ Za) \ Ui, Vi are small. Since
(B) € It(A), U C (B)\ U;-,, Vi for some subspace U.
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Lemma

1. Foralla, (BYNZ, € ZT(A) or (B)\ Z, € ZT(A).

Proof of (1).

Suppose for a contradiction that there are Vy,...,V,,_1 € A such
that ((B) N Z,) \ Ui, Vi and ((B) \ Za) \ Ui, Vi are small. Since
(B) € It(A), U C (B)\ U;<, Vi for some subspace U. Then:

UNZ. C({B)NZa)\ | Vi,

U\ Za € ((B)\ Z)\ U Vi

i<n

are both small, a contradiction. Il



4. There exists some « such that (B) N Z, € I+ (A) and
(B)\ Za € TF(A).

«O)>» «F)r « =»

<

it
v
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Proof.

Suppose that there is some C < B that is almost disjoint from
every element of A. Write C = (X5)n<w.
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Proof.

Suppose that there is some C < B that is almost disjoint from
every element of A. Write C = (X,)n<w. Let {P,: n < w} be an
interval partition such that supp(x,) C P, for all n.
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Proof.
Suppose that there is some C < B that is almost disjoint from
every element of A. Write C = (X,)n<w. Let {P,: n < w} be an
interval partition such that supp(x,) C P, for all n. This means
that:
1. For infinitely many n, supp(x,) C S, so
Xn € Zo, = {(en)nes,,). Therefore, CN Z, is an
infinite-dimensional subspace almost disjoint from every
element of A, so CNZ, € Zt(A).
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Proof.
Suppose that there is some C < B that is almost disjoint from
every element of A. Write C = (X,)n<w. Let {P,: n < w} be an
interval partition such that supp(x,) C P, for all n. This means
that:
1. For infinitely many n, supp(x,) C S, so
Xn € Zo, = {(en)nes,,). Therefore, CN Z, is an
infinite-dimensional subspace almost disjoint from every
element of A, so CNZ, € Zt(A).

2. For infinitely many n, supp(x,) € SS. Thus:

Xn € ((€n)ngs,) € Z5-
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Proof.

Suppose that there is some C < B that is almost disjoint from
every element of A. Write C = (X,)n<w. Let {P,: n < w} be an
interval partition such that supp(x,) C P, for all n. This means
that:
1. For infinitely many n, supp(x,) C S, so
Xn € Zo, = {(en)nes,,). Therefore, CN Z, is an
infinite-dimensional subspace almost disjoint from every
element of A, so CNZ, € Zt(A).

2. For infinitely many n, supp(x,) € SS. Thus:
Xn € ((€n)ngs,) € Z5-

Therefore, C\ Z, contains C N {(ep)n¢s, ), an
infinite-dimensional subspace almost disjoint from every
element of A, so C\ Z, € ZT(A).



0000000 0000000000 000000000000

000000000080

Suppose that for all C < B, C is not almost disjoint from some
element of A. Let {V;:i <w} C A be such that (B) N V; is big
for all n.

«O» «F)r «=» <«
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Proof (Cont.).

Suppose that for all C < B, C is not almost disjoint from some
element of A. Let {V;:i < w} C A be such that (B) N V; is big
for all n.

Fix an infinite-to-one surjection I : w — w. We define a block
sequence (Xp)n<w as follows:
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Proof (Cont.).

Suppose that for all C < B, C is not almost disjoint from some
element of A. Let {V;:i < w} C A be such that (B) N V; is big
for all n.

Fix an infinite-to-one surjection I : w — w. We define a block
sequence (Xp)n<w as follows: Let xo € (B) N Vr(g).
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Proof (Cont.).

Suppose that for all C < B, C is not almost disjoint from some
element of A. Let {V;:i < w} C A be such that (B) N V; is big
for all n.

Fix an infinite-to-one surjection I : w — w. We define a block
sequence (Xp)n<w as follows: Let xo € (B) N Vr(qy. If x, has been
defined, then let x,11 € (B) N Vr(541) such that x,; < xp41.



We define an interval partition P = {Pp, : m < w} as follows:

«0>» «Fr» « > <«

>
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Proof (Cont.).

We define an interval partition P = {Pp, : m < w} as follows:

1. Let Py :={0,..., max(supp(xn,))}, Where ng is the least
integer so that '(ng) = 0.

Summary
o
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Proof (Cont.).

We define an interval partition P = {Pp, : m < w} as follows:
1. Let Py :={0,..., max(supp(xn,))}, Where ng is the least
integer so that '(ng) = 0.
2. If P, has been defined, then let Pp,+1 be an interval such
that for all i < m+ 1, there exists some n > max(Pp,) such
that I'(n) = i and supp(xn) C Pmt1.
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Proof (Cont.).

We define an interval partition P = {Pp, : m < w} as follows:

1. Let Py :={0,..., max(supp(xn,))}, Where ng is the least
integer so that '(ng) = 0.

2. If P, has been defined, then let Pp,+1 be an interval such
that for all i < m+ 1, there exists some n > max(Pp,) such
that I'(n) = i and supp(xn) C Pmt1.

Now suppose that S, splits P. For each /, let:

T2 :={n<w:T(n) =iAsupp(x,) C Sa},
T!H:={n<w:T(n) =iAsupp(x,) NS, = 0}

By our choice of P, T2, T} are infinite for all i.
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Proof (Cont.).

We define an interval partition P = {Pp, : m < w} as follows:

1. Let Py :={0,..., max(supp(xn,))}, Where ng is the least
integer so that '(ng) = 0.

2. If P, has been defined, then let Pp,+1 be an interval such
that for all i < m+ 1, there exists some n > max(Pp,) such
that I'(n) = i and supp(xn) C Pmt1.

Now suppose that S, splits P. For each /, let:

T2 :={n<w:T(n) =iAsupp(x,) C Sa},
T!H:={n<w:T(n) =iAsupp(x,) NS, = 0}
By our choice of P, T,-O, TI-1 are infinite for all /. This implies that

Vin(BNZ,) and VN (B\ Z,) are big for all i, so
BN Za, B\ Zy € TH(A).
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Thank you for listening!

1. Two (infinite-dimensional) subspaces are almost disjoint if
their intersection is finite-dimensional.

2. A mad family of subspaces A is completely separable if for all
subspaces U € ZT(A), there exists some V € A such that
vV CU.

3. max{b,s} < ayecr holds in ZFC. Consequently, following the
construction of a completely separable mad family on w
assuming s < a, we can show that there is a completely
separable mad family of subspaces in ZFC.

4. Several issues needed to be and were addressed when
replicating the construction.

4.1 While Z(.A) need not be an ideal, it is “almost” an ideal.
42 If Z, :={Ss : @ < max{b,s}}, then Z, splits (B) € Zt(A)
into two Z(.A)-positive sets for some a.
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