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(Finite-dimensional) Ramsey Theory

In general, Ramsey theory addresses the following types of
questions:

Let X be a set or structure, and let Yy,...,Y,_1 be a
partition of X. Does there exist some / < n such that Y;
contains some substructure of interest?
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Example.

1. X is infinite.
2. Structure = Infinite set.
Fact (Pigeonhole principle)

Let X be an infinite set. If Yy, ..., Ya_1 is a partition of X, then
there exists some i < n such that Y; is infinite.
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Example.

1. X =[N]” = Set of n-element subsets of N.
2. Structure = [H]" for some infinite H C N.

Theorem (Ramsey, 1929)

If Yo,..., Ya_1 is a partition of [N]", then there exists some i < n
and an infinite H C N such that [H]" C Y.
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Example. Let F be a countable (possibly finite) field. Let E be a
vector space over [ of dimension Xg, with Hamel basis (e,)%2,.
Given a vector x € E, we may write

oo
X = Z An(x)en,
n=0
where only finitely many A,'s are non-zero. We may then write:

supp(x) := {n € N : A\p(x) # 0}.

Notation

Given two non-zero vectors x, y we write:

x <y <= max(supp(x)) < min(supp(y)).
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Definition
An infinite block sequence is a <-increasing sequence of non-zero
vectors of E.

Definition

An infinite-dimensional subspace V' C E is a block subspace if
V = span{x, : n € N} for some infinite block sequence (x,)>,.
Note that {x,}52 is a basis of V that is unique up to scalar
multiplication of each x,.

Fact

Every infinite-dimensional subspace of E contains an
infinite-dimensional block subspace.
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Now consider the following setting:

1. X = E\ {0}, the set of non-zero vectors.
2. Structure = Infinite-dimensional block subspace (without 0).

Does the Ramsey theorem hold for this variant?

Theorem (Hindman, 1975)

Suppose that |F| =2. If Yy, ..., Ya—1 is a partition of E \ {0},
then there exists some i < n and some infinite-dimensional block
subspace V such that V' \ {0} C Y.
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This theorem fails if [F| > 2. We define the set Y as:

Y ={xe€ E\{0}:x=e,+y for some e, < y},

_ .X:eno+>‘n1en1+"'+>‘nkenk
_{XEE\{O}. and o < -+ < 11t .

Then Y, Y€ partition E \ {0}, but neither Y nor Y¢ contains
V' \ {0} for any infinite-dimensional block subspace V.

Let A= (eg+e1,e2+€3,...). Then eg+ €1 € Y, but

Summary
o

2ep+2e; € Y€, so span(A)\ {0} is not a subset of either Y or Y€.
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Infinite-dimensional Ramsey theory

For infinite-dimensional Ramsey theory, we partition X or a
closed subset R of XN. Here we equip X with the discrete
topology, and XY with the product topology.

More precisely:
Let X be a set or structure. Let Ap,..., X, 1 be a partition

of R, a closed subset of X~. Does there exist some i < n
such that X; contains some substructure of interest?
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Example.

2. R = [N]*°, which may be identified with the set of strictly
increasing sequences in NV

3. Structure = Ellentuck neighbourhood of infinite subset.

Summary
o
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Let [N]<*JA :={a e [N]=>*:a C A}.

Notation
Given A € [N]* and a € [N]<*®A, we write:

[a,A] ={B€[N]*:aC Band BC A}

where a C B means that BN (max(a) + 1) = a.

Each [a, A] is also called an Ellentuck neighbourhood.
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Definition

A set X C [N]* is Ramsey if for all A € [N]*° and a € [N]<*]A,
there exists some B € [a, A] such that [a, B] C X or [a, B] C X€.

Fact

Assuming the Axiom of Choice, there is a subset X C [N]* that is
not Ramsey.

Recall that a subset X C [N]* is analytic if it is the continuous
image of a Borel set in some Polish space. Note that every Borel
set is analytic.

Theorem (Silver, 1970)
If X C [N]* is analytic, then X is Ramsey.
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Example. Let E be a vector space over a countable field IF of
dimension Xg, with Hamel basis (e,)52,.
1. X=E.

2. R = E[®I, the set of all infinite block sequences of vectors
(& infinite-dimensional block subspaces).

3. Structure = Ellentuck neighbourhood of infinite-dimensional
block subspaces.

Notation

If A= (x,)22 and B = (yn)2, are two elements of E[>, then we
write:

B <A <= span(B) C span(A).
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Notation

Given A = (x,)32, € EI®l, let E[<1[A be the set of finite block
subspaces of A. In other words, the set of (y;)m<n such that

span{yo,...,yn—1} C span(A).

Notation
Given A € E[™ and a € EI<°11 A we write:

[a,A] :=={B € EI*l . aC B and B < A}

where a C B means that a is an initial segment of B.



Ramsey theory
0000000000000e0

Definition
A set X C El*l is Ramsey if for all A € EI*®l and a € E[<l} 4,

there exists some B € [a, A] such that [a, B] C X or [a, B] C X€.

Fact

Assuming the Axiom of Choice, there is a subset X C E [ that is
not Ramsey.

Theorem (Hindman, 1975)
Suppose that |F| = 2. If X C EI*®l s analytic, then it is Ramsey.

Again, this theorem fails for |F| > 2 — there exists a clopen subset
X of EI*°l which is not Ramsey.
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We observe some patterns:
1. R is a set of infinite increasing sequences under some partial
order <.
2. Using either C or <, we defined the Ellentuck neighbourhood
[a, A], and the notion of a Ramsey subset X C R.

Question. Can this pattern be captured and made into an
abstract framework?
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Topological Ramsey theory

Weak A2-spaces and the Kastanas game
(Kastanas, Cano-Di Prisco, Y.)

Topological Ramsey space
(Carlson—Simpson, Todortevic)

Strategically Ramsey sets
{Hindman's theorem} { Y v

{Ramsey theorem} (Gowers, Rosendal)
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Framework of topological Ramsey spaces

(Originally Carlson—-Simpson (1990), modified by Todor&evi¢

(2010))
| Object | Represents | Ex. #1 [ Ex. #2 |
R Infinite increasing seqs [N]> El>]
< Quasi-order on R Subset C Subspace <
AR Finite increasing seqs [N]<*® El<~]
rn:R— AR First n elements ra(A) = ra(A) =
forne N of the sequences {Xx05 s Xn—1} | (X0y+ -y Xn—1)

Represented by a triple (R, <, r), that satisfies four axioms A1-A4
and a closured property.



Given a triple (R,<,r), for A€ R and a € AR:

aC A < a=ry(A) for some n € N.

If Ac R and a € AR,

[a,A]:={B€R:aC Band B< A}

20/53
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(1) ro(A) =0 for all Ae R.
(2) A# B implies r,(A) # rp(B) for some n.
(3) rn(A) = rm(B) implies n = m and ri(A) = rx(B) for all k < n.

21/53
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Axiom (A2, Finitisation)

There is a quasi-ordering <g, on AR such that:

(1) {be AR : b <gy, a} is finite for all a € AR.

(2) A< B iff Vnadm[r,(A) <an rm(B)].

(3) Va,bc AR[aC bA b <g, ¢ — 3d C c[a <g, d]].

1. (IN]*°, C, r) satisfies A2, as for all a € [N]<>, {b: b C a}is
finite.

2. (El®l <, r) satisfies A2 if |F| < oo, as if a = (xj)j<, € E[<>],
then there are finitely many subspaces of a.

3. (EI*®], <, r) does not satisfy A2 if [F| = oo, as if a = (xo, 1),
then span{Axo + x1 } is a (block) subspace for any A € F.
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Axiom (A3, Amalgamation)
The depth function defined by, for B € R and a € AR:

min{n € N: a <g, r(B)}, if such n exists

o0, otherwise

depthg(a) := {

satisfies the following:
(1) If depthg(a) < oo, then for all A € [depthg(a), B], [a, A] # 0.

(2) A< B and [a, A] # () imply that there exists
A" € [depthg(a), B] such that () # [a, A'] C [a, A].
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We let AR, be the image of the map r,(—), i.e. the set of all
finite approximations of length n.

Axiom (A4, Pigeonhole)

If depthg(a) < co and if O C ARjy(a)41. then there exists
A € [depthg(a), B] such that rj(5)41[a, Al € O or
Nin(a)+1[a, A] € O°.

Pigeonhole should be viewed as a statement about the
finite-dimensional Ramsey theorem for R.

1. ([N]*°, C, r) satisfies A4, due to the pigeonhole principle.
2. (El>l <, r) satisfies A4 if |F| = 2, due to Hindman's theorem.
3. (

t

El>l < r) does not satisfy A4 if [F| > 2, as Hindman's
heorem fails for |F| > 2.
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Observe that every A € R can be uniquely identified with the
sequence (r,(A))%%,, an element of ARN. Therefore, we may
identify R with a subset of ARN.

Recall that in infinite-dimensional Ramsey theory, we require R to
be a closed subset of XN. We make a similar requirement here.

Definition
(R,<,r) is a closed triple if for every C-increasing sequence

(an)72, of elements in AR such that lh(a,) = n, there exists some
A € R such that r,(A) = a, for all n.

In other words, R is a metrically closed subset of ARN.
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Definition

A topological Ramsey space is a closed triple (R, <, r) satisfying
Al1-A4.

Definition
Let (R, <, r) be a topological Ramsey space. A set X C R is

Ramsey if for all A€ R and a € ARJA, there exists some
B € [a, A] such that [a, B] C X or [a,B] C X°.

Theorem (Todorgevi¢, 2010)

Let (R,<,r) be a topological Ramsey space such that AR is
countable. Then every analytic set is Ramsey.
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Examples

(R,<,r) Closed triple | A1 | A2 | A3 | A4 | Topological
Ramsey space

(IN]*=, G, r) v ViV Vv|VY v
(ET1 <r) v ViV Vv|VY v

[F| =2
(ET<T <. r) v VIV Y
2 < |F| < o0
(EPL < r) v v v

[F| = o0

Question. Is there an alternative framework of Ramsey theory for

countable vector spaces over F with |F| > 27
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Strategically Ramsey sets

Weak A2-spaces and the Kastanas game
(Kastanas, Cano-Di Prisco, Y.)

Topological Ramsey space
(Carlson—Simpson, Todorevi¢)

Strategically R t
{Hindman's theorem} { rategically mamsey se s}

{Ramsey theorem} (Gowers, Rosendal)
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Banach space theory

It turns out that there is a deep connection between Banach space
theory and the Ramsey theory for (countable) vector spaces.

Question (Banach, 1932)

Let X be an infinite-dimensional Banach space, and suppose that
X is homogeneous (i.e. X is isomorphic to every one of its

infinite-dimensional closed subspaces). Must X be isomorphic to
0%?

This was answered in the positive by Gowers (2002), and the proof
is heavily Ramsey-theoretic and uses ideas from infinite games.
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We fix some countable vector space E. Let A € EI*] be an infinite
block sequence, and let a € EI<®I[A,

Definition (Gowers, 2002)
The Gowers game played below [a, A], denoted as GJa, A], is the

following game:
| ‘ A <A A <A
I | x0 € {Ao) x1 € (A1)

where (A;) is the span of the elements in the sequence A;. The
outcome of this game is the sequence a™~ (xx)7, € EI>.
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Gowers' surprising application of Ramsey theory to Banach space
theory motivated other similar games played on vector spaces.

Definition (Rosendal, 2010)

The asymptotic game played below [a, A, denoted as F|a, A], is
the following game:

| ‘ no nm
T x0 € (A) x1 € (A)
min(supp(xo)) > no min(supp(x1)) > m

The outcome of this game is the sequence a™ (x4 )32, € E[*L.
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Definition

We say that | (similarly Il) has a strategy in a game to reach
X C E[>] if they have a strategy in the game to ensure the
outcome is in X.

Definition (Rosendal, 2010)

A subset X C EI*l is strategically Ramsey if for all A € E[*°l and
a € EI<>l] A there exists some B € [a, A] such that one of the
following holds:

1. | has a strategy in F[a, B] to reach X°.

2. Il has a strategy in G|a, B] to reach X.
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Definition

We say that | (similarly 1) has a strategy in a game to reach

X C R if they have a strategy in the game to ensure the outcome
isin X.

Definition (Rosendal, 2010)

A subset X C EI is strategically Ramsey if for all A € E[>! and
a € EIS®I|A, there exists some B € [a, A] such that one of the
following holds:
1. | has a strategy in F|a, B] to reach X°.
(Definition of Ramsey: [a, B] C X€.)
2. Il has a strategy in GJa, B] to reach X.
(Definition of Ramsey: [a, B] C X.)
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Theorem (Rosendal, 2010)

Every analytic subset of E!* js strategically Ramsey.

Note that there is a coanalytic non-strategically Ramsey set in
Godel's constructible universe L.
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wA2-spaces and the Kastanas game

(R,<,r) A2 | A4 | Topological | Strategically
Ramsey space | Ramsey sets
(IN]>°, <, r) v IV v
(EL<n | v | v v v
F| =2
(E[OO], <,r) v v
2<|F| < o0
(E®I < r) v
[F| = o0

Question. |s there a framework unifying topological Ramsey
theory and the theory of strategically Ramsey sets?
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Weak A2 spaces

Weak A2-spaces and the Kastanas game
(Kastanas, Cano-Di Prisco, Y.)

Topological Ramsey space
(Carlson—Simpson, Todorevi¢)

Strategically Ramsey sets

RENER7 ] (Gowers, Rosendal)

Hindman's theorem
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We shall unify the two frameworks by doing two things.

1. Weakening the axioms A1-A4 to include countable vector
spaces with |F| > 2.

2. Finding a “common game” that connects Ramsey sets to
strategically Ramsey sets.

1. Weakening axioms. The framework of topological Ramsey
spaces does not apply to countable vector spaces in full generality
for two reasons.

e A2 fails if |F| = co (a finite-dimensional subspace may have
infinitely many further subspaces).

¢ A4 fails if |[F| > 2 (Hindman's theorem fails for |F| > 2).
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Axiom (wA2, Weak Finitisation)

There is a quasi-ordering <g, on AR such that:

(wl) {be AR : b <g, a} is countable for all a € AR.
(2) A< B iff Vndm[r,(A) <gn rm(B)].

(3) Va,be AR[aC bA b <g, c = 3d C cla <g, d]].

Definition
A triple (R, <,r) is a weak A2 space, or just wA2-space, if it is a
closed triple satisfying A1, wA2, A3.
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All examples we saw are wA2-spaces:

| (R,<,r) | Closed triple | A1 | "7 [ wA2 | A3 | /7 |
(IN]*®, C, 1) v v v [V
(E®I < r) v v v |V

IF| =2
(EPl <. r) v v Y
2<|F| < o0
(E®I < r) v v v |V

|F| = o0
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2. Finding a “common game”. One may consider generalising
the notion of strategically Ramsey sets to all wA2-spaces, but this
is not straightforward — recall the asymptotic game Fla, A]:

| ‘ no n
I xo € (A) x1 € (A)
min(supp(xp)) > no min(supp(x1)) > m

For wA2-spaces in general, there is not necessarily a notion of
support.
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It turns out that there is another game that is relevant.

Definition (Kastanas, 1983)

Let A € [N]* and a € [N]<*°A. The Kastanas game played below
[a, A], denoted as K][a, A], is:

I A CA A1 C By
1l no € Ao n € A
no > max(a) n > ng
By C Ag B C A

The outcome of this game is aU {ng, ny, ... }.
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A set X C [N]* is Kastanas Ramsey if for all A € [N]*° and
a € [N]<A, there exists some B € [a, A] such that one of the

following holds:
1. | has a strategy in K|a, B] to reach X°.
2. Il has a strategy in KJa, B] to reach X.



wA2-spaces and Kastanas game

Ramsey theory Topological Ramsey theory Strategically Ramsey sets
00000008000000000

0000000000000 00 0000000000 00000000

Definition
A set X C [N]* is Kastanas Ramsey if for all A € [N]* and
a € [N]<°1A, there exists some B € [a, A] such that one of the
following holds:
1. I has a strategy in K|a, B] to reach X°.
(Strategically Ramsey: F|a, B] instead of K|a, B])

2. Il has a strategy in K|a, B] to reach X'.
(Strategically Ramsey: G[a, B] instead of K]|a, B])

Summary
o
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Theorem (Kastanas, 1983)

A set X C [N]*° is Ramsey iff it is Kastanas Ramsey.

By the Borel determinacy theorem for games with reals, we get:
Corollary

Every Borel subset of [N]*° is Ramsey.

Since analytic determinacy is not provable without large cardinals,
we cannot immediately conclude that every analytic subset of [N]>°
is Ramsey (even though it is true).
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There is a straightforward generalisation to a wA2-space (R, <, r).

Definition (Cano—Di Prisco, 2023)
Let A€ R and a € AR[A. The Kastanas game played below
[a, A], denoted as K|a, A], is:

I | A€ [a,A A1 € [a1, By

I a1 € fp(a)+1[a, Ao a € fip(a)+2[a1, A1l
BQ € [al,Ao] B, € [az,Al]

The outcome of this game is lim,_, ap, i.e. the unique B € R
such that ri(a)4n(B) = a, for all n.
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Definition
A set X C R is Kastanas Ramsey if for all A€ R and a € AR[A,
there exists some B € [a, A] such that one of the following holds:
1. | has a strategy in K|a, B] to reach X°.
2. Il has a strategy in K|a, B] to reach X.
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Cano and Di Prisco showed that for a class of topological Ramsey
spaces, a set is Ramsey iff it is Kastanas Ramsey.

Theorem (Y., 2024)

If (R,<,r) is a topological Ramsey space, then X C R is Ramsey
iff it is Kastanas Ramsey.

Again, by the Borel determinacy theorem for games with reals:

Corollary

Let (R, <,r) be a topological Ramsey space such that AR is
countable. Then every Borel subset of R is Ramsey.
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So for ([N]*°, C, r) and (E!!, <, r) with |F| = 2, Kastanas
Ramsey sets are precisely the Ramsey sets. What about
(E'®l <, r) with |F| > 2 (which are also wA2-spaces)?

Theorem (Y., 2024)

A subset X C EI°°l js Kastanas Ramsey iff it is strategically
Ramsey.
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Let's recall the two results about analytic sets.

Theorem (Todorcevi¢, 2010)

Let (R, <,r) be a topological Ramsey space such that AR is
countable. Then every analytic set is Ramsey.

Theorem (Rosendal, 2010)

Every analytic subset of EI*) fs strategically Ramsey.

Question. Can we unify these two statements into a single
statement about analytic subsets of a wA2-space?

Summary
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Theorem (Y., 2024)
Let (R,<,r) be a wA2-space such that AR is countable. Then

every analytic subset of R is Kastanas Ramsey.

We shall spend the remainder of the talk discussing the idea of the
proof.
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Let (R, <, r) be a wA2-space such that AR is countable. We
consider the triple (R x 2N, <, r) in the following manner:

1. (Au)<X(B,v) < A<B.
2. (A, u) = (r(A), uln).

Note that < is a quasi-order, but it is not a partial order.

Lemma
(R x 2N, <, r) is a wA2-space that does not satisfy A4.

This is because we can partition R x 2V into two sets depending
on the first binary bit of each (A, u) € R x 2. That is, we define:

X = {(A u) € R x 2" : u(0) = 0}.

Then X is a clopen non-Ramsey subset of R x 2N.
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Let 79 : R x 2N — R be the projection map onto the first
coordinate (i.e. (A, u) = A for all (A, u) € R x 2Y).

Theorem (Y., 2024)
IfC C R x 2N is Kastanas Ramsey, then mp"“(C) C R is also

Kastanas Ramsey.

We can finish the proof in the following manner:

® |et X C R be an analytic set.
® Let C C R x 2N be a Borel set such that X = 7"(C).

® By the Borel determinacy theorem for games with reals, C is
Kastanas Ramsey.

By the above theorem, X = 7 "(C) is Kastanas Ramsey.
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Summary
°

Weak A2-spaces and the Kastanas game
(Kastanas, Cano-Di Prisco, Y.)

(Y.) =l = KR

Topological Ramsey space
(Carlson—Simpson, Todorgevi¢)

(7)== R) ((Y) R=KR)

1
1
' Strategically Ramsey sets :
Ramsey theorem | Hindman's theorem (Gowers, Rosendal) :
0 1
i (R) £l = SR !
1
; (Y.) SR & KR |
0 1
1
B Vector spaces ‘- ------------~ '

R = Ramsey, KR = Kastanas Ramsey, SR = Strategically Ramsey, £} = Analytic.
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